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Multitarget Moments and Their
Application to Multitarget Tracking

Ronald Mahler
Lockheed Martin Tactical Systems, MS U2S25, 3333 Pilot Knob Rd, Eagan MN 55121, USA

ABSTRACT

The concept of a statistical moment” has played a fundamental role in practical single-target tracking. The optimal
tracking approach, the recursive Bayes filter, propagates the entire posterior density through time. Because this filter
is computationally daunting, most practical single-target tracking approaches assume that signal-to-noise ratio is
large enough that the posterior is approximately characterized by its low-order moments. For example, the alpha-
beta-gamma filter propagates the first-order moment (the posterior expectation) whereas the extended Kalman filter
(EKF) additionally propagates a second-order moment (the posterior covariance). Until recently, the possibility
of an analogous multitarget approach seems to have been ignored—apparently for lack of a systematic statistical
foundation for multitarget problems. In two recent papers, I introduced multitarget moment statistics of arbitrary
order and developed a Bayes filtering theory for the first-order multitarget moment, the “probability hypothesis
density (PHD).” In this paper I continue this line of investigation. I will describe a preliminary implementation of
the first-order filter. I will introduce the concept of multitarget posterior covariances of arbitrary order. Using them,
I will show how a'suitable extension of the finite-set statistics (FISST) multisensor-multitarget differential calculus -
can be used to construct multitarget statistical analogs of the EKF.

1. INTRODUCTION

Progress in single-target tracking has relied upon the fundamental concept of the moment statistics of a random
track-vector. The optimal approach to single-target tracking, the recursive Bayes filter, propagates the entire pos-
terior density through time. Because real-time implementation of the Bayes filter is extremely challenging, most
practical single-target tracking approaches assume that SNR is large enough that the posterior is approximately
characterized by its low-order moments. For example, the alpha-beta-gamma filter propagates the first-order mo-
ment (the posterior expectation) whereas the extended Kalman filter (EKF) additionally propagates a second-order
moment (the posterior covariance).

Until recently, the possibility of an analogous approach has apparently been overlooked as a multitarget tracking
strategy. The reason for this has been, apparently, the lack of a systematic engineering statistics for multitarget prob-
lems. Even more surprisingly, this has been the case even though a rigorous statistical foundation for multi-object
problems, called point process theory, has been in existence for decades. Specifically: How would one even go
about defining first- and second-order multitarget moment statistics, let alone developing a rigorous Bayes filtering
theory for them? As we shall see in a moment, naive approaches to defining such statistics fail. Consequently, one
must turn to more systematic, theoretically-grounded approaches.

In two recent papers [27], [17], I resumed a line of investigation initiated in the book Mathematics of Data
Fusion [9, pp. 168-170]. I introduced multitarget moment statistics of arbitrary order called “factorial-moment
densities” and, in particular, the first-order moment also known as the "Probability Hypothesis Density” or "PHD”.
I developed a Bayes filter for the PHD, using a random-set formulation of point process theory called “finite-set
statistics (FISST).” Ishowed that this first-moment filter is a multitarget statistical analog of the alpha-beta-gamma
filter. That is, it is based on the assumption that signal-to-noise ratio is so high that the multitarget posterior density
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is approximately characterized by its PHD. (Equivalently, it is based on the assumption that the multitarget track-
process is approximately Poisson.) In this paper I continue this line of investigation. I will describe a preliminary
implementation of the PHD filter. Iwill introduce the concept of multitarget posterior covariances of arbitrary order,
and show how the FISST multi-target differential and integral calculus can be used to construct these moments. I
will also show how a suitable extension of this calculus can potentially be used to construct multi-target statistical
analogs of the Kalman filter (KF) and extended Kalman filter (EKF).

All of this, in turn, depends on a firm grounding in point process theory. Progress in single-sensor, single-object
tracking has also been greatly facilitated by the existence of a systematic, rigorous, and yet practical engineering
statistics that supports the development of new concepts in this field. By “engineering statistics,” I mean the vast
body of applied mathematical techniques surrounding the following “Statistics 101” concepts that most tracking
engineers learn as undergraduates: random vectors; probability-mass and probability-density functions; differential
and integral calculus; statistical moments (expected value, covariance, etc.); optimal state estimators; optimal signal-
processing filters; and so on. Given the importance of such concepts in the single-sensor, single-object realm, one
would expect that multisensor, multi-object tracking would already rest upon a similarly systematic, rigorous, and
yet practical engineering statistics. This has not been the case despite the existence of point process theory, and there
appear to be two major reasons for the gap. First, theoretical development in the multitarget tracking community has
been focused primarily on immediate engineering applications rather than on systematic, over-arching foundations.
Second, neither of the primary mathematical formulations of point process theory—random measure theory [6],
[15] and stochastic geometry [48], [30]—have been well-suited for reduction to the practical “Statistics 101” form
favored by tracking engineers. This is partly because random measure theory and stochastic geometry both tend to
be somewhat impenetrable to even mathematically sophisticated engineers.* It is also partly due to the fact that point
process theory has been directed not at tracking but, rather, towards those applications which gave birth to it: cueing
theory, image signal processing, statistical theories of gases, liquids, and particles, etc. What has been missing has
been an “engineering friendly” formulation of point process theory: “finite-set statistics”(FISST), the multisensor-
multitarget engineering statistics that I introduced in 1994 . FISST is essentially a judicious, engineering-oriented
distillation of point process and related concepts drawn from stochastic geometry, random measure theory, modern
statistical physics, and expert-systems theory (see section 2). FISST is “engineering friendly” in that it is geometric

(it treats multi-object systems as visualizable random images) and in that it preserves and extends the "Statistics

01" formalism that tracking engineers already understand.

. Statistical Moments in Single-Target Tracking

1th the clarity of hindsight, one can recognize that single-target tracking has taken the following conceptual (if not
ctual historical) trajectory. If real-time computational tractability were not an issue, optimal single-target trackers
uld be implementations of the following Bayesian discrete-time recursive nonlinear filtering equations [13], [42],
p. 373-377}, [14, p. 174]:

Frip(xrs1]2®) = /fk+1]k(xk+1|xk) Fr(xk]| ZF)dx M)
Fr(Zrs1lxnr1) Foraje(xe41]2%)

< Zk+1 = 2

Frtpea (1] ) fet1(Zr41]2%) @

Rpp = arg sup Fo(x12%) : ©)

15 he target state variable at time-step k and zj, is the observed measurement at time-step k;

iple, at the 1998 GTRI/ONR Workshop on Tracking and Sensor Fusion [41], A. Skorokhod gave a presentation on
e-based multitarget tracking [38] that does not seem to have been well understood.
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1

(2) fijx (x| Z*) is the Bayes posterior distribution conditioned on the data-stream Z* = {21, ..., 24 };

(3) fx(z|x) is the sensor likelihood function at time-step k;

@) fry1)x(Xk+1]Xx) is the target Markov transition density that models between-measurements target motion;
S frrip(xx41|Z ¥) is the time-prediction of the posterior Y %(%x|Z*) to time-step k + 1,

6) frt1(zrs1|2*) = [ fr(zr+1lyr+1) fk+1|kyk+1|Zk)dyk+1 is the Bayes normalization constant; and
(7) & is the Bayes-optimal maximum a posteriori (MAP) estimate of the target state at time-step k.

Real-time computational implementation of equations 1, 2, and 3 is extraordinarily difficult in general. So,
instead, a historically important strategy has been to assume that signal-to-noise ratio is high enough that the higher-
order moments of the evolving track-vector ®yy;, can be neglected. In this case, the first- and second-order moment
(i.e., the posterior expectation vector and the posterior second-moment matrix)

Reje = /x Fuip(x| Z%)dx, My = /XXT Fen(x|Z*)dx “)
are always approximate sufficient statistics:

Frgi (%1 ZF) 22 Frpp (x| Regr, M) = Ng, ,(x — Rk

Y &Y

where denotes matrix transpose and where N, Py (X —Xgx) denotes a multi-variate Gaussian distribution with

covariance matrix'lf’k“c = Mk] = ik|k§c:,€i - We can then propagate Xy and Mkl  instead of the full distribution
fx| (x| Z*) using an extended Kalman filter. If SNR is so high that the second-order moment can be neglected as
well, then ' '

| Tl (X1Z*) 22 fipe(x[Reyx) )
and we can propagate Xy alone using an even computationally simpler constant-gain Kalman filter—e.g., the
a-f-~ filter. ' '

1.2. The Failure of Naive Multitarget Moments

Given such hindsight, someone new to multitarget tracking might surmise that the field has, at the conceptual if not
the historical level, followed a similar trajectory. That is, he or she might presume that one would (1) begin with
a theoretically systematic framework, namely propagation of a multitarget posterior density fy(X|Z () using -
a multitarget analog of equations 1 and 2; and (2) transcend computational difficulties by assuming that SNR is
high enough that one can propagate first- and/or second-order moments of the evolving multitarget track-set X,
instead of the full distribution fyz(X|Z (k). In reality, multitarget tracking has taken a quite different course. The
concept that multitarget tracking should be theoretically grounded on a multitarget analog of equations 1 and 2 is
apparently itself of very recent vintage (see section 3.6). The idea of constructing lower-order statistical moments for
a multitarget system, and using them as the basis for multitarget tracking algorithms, seems to have been overlooked
entirely. This, in turn, appears to be attributable to the lack of a systematic engineering statistics for dealing with
multitarget problems, similar to the statistics that has long been available for single-target problems.

In particular, how would one even go about defining first- and second-order multitarget moment statistics? It
is easy to see that a naive approach fails [22, p. 41], [24], [25]. The most obvious and direct way of defining the
first-order moment of a random track-set T'yj; at time-step k& would be to compute its expected value E[T'xx].
Suppose that we are in one dimension and that fix(9) is the probability that Ty, = @ (no targets), fi(z) is
the likelihood of the event Ty, = {z} (single track with state ), fyx(z1,22) is the likelihood of the event
Ty = {z1,z2} (two targets with states z1,z2), and so on. If the expectation exists, it must have the form

E[Ckp]l = 0- frx(0) + /{x} * frp(z)dz + /{x1;$2} * frjx(z1, T2)dz1dTs + ...
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Such an integral cannot even be defined unless, at minimum, the multitarget state space is a vector space—in partic-
ular, unless it has a concept of addition/subtraction. But how does one add the zero-target state () to a single-target
state {x}? Or a single-target state {z} to a two-target state {z1,72}? As aspecific example, let:

1/2 if X=0
fep(X) ={ §Np(z—1) if X ={z}
0 if |X}>2

where N,2(z) is a normal distribution with a variance o2 that has units km?2. The expectation would then be
1
Byl =0+ 50) + [ = f(e)de = 50+ i)

Notice that, at minimum, we have a units-mismatch problem: we are asked to add the unitless quantity @ to the
quantity 1 km. Even if we assume that the continuous variable x is discrete so that this problem disappears, we still
must add the quantity @ to the quantity 1. If §+1 =0 then 1 = 0, which is impossible. If @+ 1 =1 then
@ = 0, so the same mathematical symbol represents two different states (the no-target state (@ and the single-target
state z = 0). The same problem occurs if we define 0 + a = b, for any real numbers a, b, since then 0 =b,—a.

These difficulties persist even if we assume that the number of targets is known a priori. For example, suppose
that we have a two-target system with two-target distribution

fklk(wl, :BQ) = % o2 (:121 - :fl)NUz(:Eg - 5:2) + %Naz (.’L'2 - SE'_[)NUQ (:El - 532)
where the targets are highly separated: o2 is small and Z; is much larger than Zs. Our intuition leads us to
believe that the multitarget expectation of this distribution should be E[I'yx]= {Z1,Z2}. The naive expectation of
the distribution fy; x(z1,22), however, yields E[Txx]= % (1 + Z2). This is because it does not take account of
the fact that fyx(x1,22) is the distribution of a multitarget system and, therefore, that its symmetry fyx(z1,Z2) =
fxje (22, 1) provides no information about this system other than the fact that it is multitarget.

1.3. First-Order Multitarget Moments and Filtering

By a track-valued multitarget expectation 1 mean a set of specific tracks of the form E[l']= {i}cl I 5‘21 o} The
proper definition of the track-valued multitarget expectation E[[yx] of a random track-set is a problem that currently
{gsists solution (see section 3.5). As a result, one has no choice but to construct multitarget moments by first
specifying some function ¢ that transforms multitarget state-sets X = {x1,..,%Xn} into elements ¢(X) of
some suitably well-behaved vector space. The transformation ¢ should be one-to-one and it should transform
set-theoretic operations into corresponding vector-algebra operations—for example, A(X UY) = h(X) + h(Y)
whenever X N'Y = . In this case we can compute indirect first-order moments of the form E[h(Tkx)] that will
:themselves be elements of this vector space. Two obvious candidates are the following [9, p. 1791]:

h({xl, very x'n,}) - 6x] + “es + 6xn, h({X], ..-,Xn}) = AX1 + “ee + Axn

h e 6x.(}") is the Dirac delta density concentrated at x and where Ay is its corresponding probability-mass
uon, ie. the Dirac measure Ax(S) = [5 6x(y)dy = 1 (f x € S)and = 0 (otherwise). In the first
e E[A(T4x)] will be a density function ﬁk| %(y) and in the second case it will be the measure Dklk(S) =

D Elk(}*)dy corresponding to this density.

Lvlt,,t“ms out, Dk|k(y) and Dkl %(S) have long been recognized as useful statistical moments in point process
Wlfere they are variously known as the expectation, mean, ot first factorial-moment density resp. measure. I
Tibed them four years ago in the book Mathematics of Data Fusion [9, p. 168-170]. There, I also showed
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that b,q x(y) is the same thing as the probability hypothesis density (PHD), a multitarget tracking and evidence-
accumulation technique proposed in 1993 by M.C. Stein and C.L. Winter [46]. In two recent papers [27], [17] 1
derived a recursive Bayes filter for the PHD. This filter is based on a multitarget analogy with equation 5. That is,
signal-to-noise ratio is assumed to be so high that the PHD is an approximate sufficient statistic,

Fep(X12®)) 22 £ (X| Dyye)

and consequently that we can propagate Dk] ¢ rather than the full multitarget posterior distribution Ten(X)Z )y, -
This work is described more fully in section 3.

Engineers tend to react with puzzlement to the idea that the first moment of a random multitarget track-set I' K|k 18

a density function, namely the PHD Dk| k(x| Z"). What they naturally expect to see is a track-valued expectation.
So, what exactly is the PHD? Intuitively speaking, just as the value of the probability density function fx(x) of a
continuous random vector X provides a means of describing the zero-probability event Pr(X = x), so the PHD
f)k[ 1x(xZ®)) provides a means of describing the zero-probability event Pr(x € I x)-] In other words, it is the
total posterior likelihood that the multitarget system contains a target that has state x, and so is the total probability
density that accrues to the hypothesis x (and hence the name probability hypothesis density”). Consequently,
ﬁkl k(x| Z®)) will tend to have maxima approximately at the locations of the targets. Since the expected number

- of tracks Nkl r=[ Dkl (x|Z®)dx can be computed directly from the PHD, multitarget track-estimation can be

accomplished by searching for the [N’kl k] highest peaks in the PHD, where [z] denotes the nearest-integer function.

14. Multitargét Moments, Covariances, and Filtering

The PHD filter summarized in section 1.3 makes use only of the first-order multitarget moment statistic. It is
natural to ask whether second-order statistics can be applied to multitarget systems. Can we propagate a second-
order approximation of the multitarget posterior density (i.., the PHD and a multitarget covariance) instead of the
multitarget posterior itself? Can we expand the multitarget likelihood function and multitarget Markov density in
some kind of “multitarget Taylor’s series”? If so, we could potentially produce multitarget analogs of the Kalman
filter and the EKF.

Another purpose of this paper is to continue the line of investigation begun with the PHD filter, and try to
determine whether or not it is possible to construct multitarget analogs of the Kalman filter or extended Kalman
filter (BEKF). As a beginning, in 1997 I also identified multitarget moment statistics of higher order and showed that
they are identical to well-known point process moments called “factorial moment densities” [9, p. 168-170].

Results in this direction, summarized in section 4, are preliminary. At this time, a computationally tractable
“multitarget Kalman filter” based on second-order multitarget moment statistics does not appear to be imminent.
However, it appears that it might be possible to develop a multitarget analog of the EKF, though the potential
computational practicality of such a multitarget EKF” remains to be seen. This work is reported in section 4.

1.5. Organization of the Paper

The paper begins, in section 2, with a short but systematic introduction to point processes (section 2.1), finite-set
statistics (section 2.2), and the relationship between the two (section 2.3). Section 3 introduces the multitarget
moment density function (section 3.1), the Bayes multitarget first-moment filter (sections 3.2 and 3.1), and a pre-
liminary implementation of this "PHD filter” (section 3.4). The section concludes with a brief discussion of an
open research question (how to define track-valued rather than function-valued multitarget first moments, section
3.5), and a summary of related research (section 3.6). Section 4 explores the possibility of extending this line of
reasoning to second-order multitarget moments. Possible multitarget analogs of the Kalman filter and the EKF are

1One consequence of this fact is that the PHD is the same thing as a fuzzy set of tracks when target state space is discrete [9,
p. 169], [27, p. 108], [17, Section 2.5].
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explored in sections 4.2 and 4.4, respectively. Mathematical proofs have been relegated to section 5; conclusions
may be found in section 6.

2. MULTI-OBJECT STATISTICS

The purpbse of this section is to summarize the elements of point process theory needed for this paper. I describe
point process theory in section 2.1. In sections 2.2 and 2.3 I summarize FISST and clarify its relationship with more
traditional formulations of point process theory.

2.1. Point Processes and Functional Calculus

Randomly varying, multi-object ensembles are a basic feature of multitarget tracking. The ensemble Z of ob-
servations collected from a multitarget system is a set of randomly-varying observation vectors, the number of
which is itself random. If we take a Bayesian viewpoint, then the ensemble X of target-tracks also is a set of
randomly-varying objects (state vectors), the number of which is itself random. Point processes are the foundation
for representing stochastic systems that, like these examples, consist of randomly varying objects that randomly vary
in number. The purpose of this section is to provide a short summary of this theory. This summary is nonstandard,
however, in that it borrows from and integrates the practice not only of statisticians and stochastic geometers, but
also of physicists and of expert-systems theorists (most notably, LR. Goodman).

In this section I define point processes (section 2.1.1) and two other basic concepts: the probability generating
functional (section 2.1.2) and the functional derivative (section 2.1.3). Then 1 define the basic statistical descriptors
of point processes: Janossy densities (the multi-object analogs of probability densities; section 2.1.4), factorial
moment densities (the multi-object analogs of moments; section 2.1.5), and factorial cumulant densities (the multi-
object analogs of covariances; section 2.1.6).

2.1.1. Simple point processes (finite random sets)

There are many ways of defining point processes. Let Ay(S) be the "Dirac measure,” defined as Ay(S) =1 if
y € S and Ay(S) =0 otherwise, where S is some space O of objects (e.g., states or measurements). Let &y (x)
denote the density function of Ay(S), i.e. the Dirac delta function concentrated at the point y. Finally,let I' be a
randomly varying finite set of objects and r(x) = Y yer Oy (x) the random density function which consists of the
sum of the Dirac delta functions concentrated on these objects. Then

Ne(s) = 3 85(8) = [ (=[00S| ©)
yerl

is called a "random counting measure” because it counts the randomly varying number |I' N S| of objects in T' that
are contained in the region S C O. All of the three following items have been known for decades [48, p. 100-102],
' [‘1‘], [39], [36] to be equivalent and interchangeable definitions of a (simple) multi-dimensional point processt:

~, 1. therandom finite subset I8

o 2-' the random measure Np(S) or its corresponding random density function op(x).

; 1Pon}t processes can also be defined as random variables on unions of vector spaces [6, p. 121]. Though such a formulation
?;ASQQ{Q intuitively appealing, it is so mathematically restrictive that it is rarely used.

More general approaches allow the random subset T' to be countably infinite but locally finite, i.e. [N K| < oo for any
d subset K. We will not follow this practice here.
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Not all random multi-object systems of interest are point processes. Let Ay € RT be a family of random
positive real numbers indexed by y € O. Define the random density function

bar(x) =) Ay - 6y(x) )

yerl'

and its associated random measure N r(S) = > yer AyAy(S). If the A(x) were random positive integers then

Na,r(S) 'would be a general point process; otherwise, it is called a compound process. Compound processes are .

nevertheless mathematically equivalent to simple point processes (finite random sets) on the product space RT x O
[15, pp. 5, 16, 22). In particular, there is a sequence of notational correspondences

a16x, + ... + anOx, <= 5(01’,(1) +..+ 5(an’xn) = {(al,xl), ceny (al,xl)} 8)

As we will see later (section 4.4), each of these three notations can be interpreted as a finite collection of point
object-clusters, each such point object-cluster (a,x) consisting of an average number a of objects all co-located at
X. '

2.1.2. Probability generating functionals

In single-object statistics, the statistical behavior of a random number Y is often described by generating functions
such as the characteristic function oy (y) =E[eijw], the moment-generating function My (v) =E[eyy)], the
factorial moment-generating function Gy (v) =E[yY)), and s0 on [4, p. 83], [6, Chapter 1]. These functions are
called “generating functions” because probability functions and various kinds of moments can be generated from
their iterated derivatives, e.g. (d?My /dy?)(0) =E[Y]. In like manner, the statistical behavior of the point process
I', Np(S) or ép(x) is described by various kinds of generating functionals. My emphasis in this paper will be
on a point-process analog of the factorial moment-generating function called the probability generating functional.

Given a function A, this is (if it exists) the expected value of the product of all h(x) taken over all elements x of
I

Grlh] =B [ I1 h(x)] ©)
xel

In mathematical point process theory » must be a very restricted type of function, to ensure that the expectation

exists for very general point processes I [6, p. 141], [48, p. 116], [36, p. 13]. However, I will follow the

practice of physicists in assuming that I is sufficiently "nice” that G [h] can be defined for more general functions

h—in particular, functions that incorporate Dirac delta functions 6y(w) [40, p. 190]. The probability generating

functional has the property that Gr,,...r,[h] = Gr,[h]--- G, [R] if Ty, ...,Typ are statistically independent.

2.1.3. Functional derivatives

For any functional F[h] and any function g define

OF . Flh+eg] — F[h] omF o] o]

5 1 = Im 2  Fae M= F A (10)
if the limit exists. In mathematics, this is called a ”Gateaux derivative”” Like physicists, I assume that F' is
sufficiently nice that the transformation g s %—5[h] is continuous and linear for any fixed h. In this case
it is also known as a "Frechét derivative” and can be computed using the usual "turn-the-crank” rules of freshman
calculus. Provided that they exist, the iterated Frechét derivatives (6"F/8gy - - - Ogn) [h] are linear in each argument
91y -+, gn- If Frechét derivatives of all orders exist, then F can be expanded in a Taylor’s series [40, p. 190]

o o]

1 OF 8 &F
F [h] = Z ;'é'(h—__—ho—)—z [ho] where agi [h] = m [h] (1 1)
=0 N

i times
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Because of continuity and linearity and since g = [ g- 6ydy (thatis, g(w) = J 9(y)8y(w)dy forall w),a
physicist would write : '

OF oF

—I[h] = hld

5= [ o) o5 hlay

~ and then point out that general Frechét derivatives are completely specified by the Frechét derivatives

FISST physics mathematics

rmm— — -~ ~ ~ e e,
__Q“_F__[h] = o F [A] = _Q?_F_.[h] (12)
Sy1-+-6yn 8h(y1) - -+ 6h(yn) 86y, -+ - Bby,

These are known in the physics literature as functional derivatives [40, pp. 173-174]. Equation 12 displays three
different notations for these derivatives: the ones preferred by mathematicians (rightmost) and physicists (center),
and the less cumbersome abbreviated physics notation used in FISST and throughout this paper (leftmost).

~ 2.1.4. Janossy densities

Given alist y1,...,yn of vectors, the iterated functional derivatives

‘m“ ——— ] (13)

jP,’n(yl’ "')Yn) = 6 6y
n h=0

are the Janossy density functions [6, pp. 122-123] of T". The family of Janossy densities of a point process I is
the multi-object analog of the probability density fy(y) of a random vector Y. Thatis, just as fy(y) describes
the likelihood of occurrence of the zero-probability event Y =y, so jrn(y1,...,¥n) describes the likelihood of
occurrence of the zero-probability event I' = {y1,...,yn}. The Janossy densities of simple point processes are
completely symmetric in all arguments, vanish whenever y; = y; forsome 1 < i # j < n [6, pp. 134, Prop.
5.4.IV], and are jointly normalized in the sense that X o 2 dn(¥1y - ¥n) = 1. The relationship between the
probability generating functional and the Janossy densities can be found by expanding Gr [h] in a Taylor’s series
expansion (equation 11) around h = 0 [40, p. 190], [36, p. 15], [6 pp- 142, 148]:

Gelhl =3~ [ ) ) s )iy -y (14)

n—O

2.1.5. Factorial moment densities

In ordinary single-target statistics, moments of arbitrary order of a random vector Y with distribution fy(y) are
the tensors (multi-argument linear functions):

My n(Y1y - ¥n) = /(y1,y) - Yn, ¥) fr(y)dy
where (y1, y2) is the usual scalar (i.e, dot) product of vectors. The multitarget moments of a point process I' are

mEllti-aIgument nonlinear functions. Given a list yy, ..., yn of vectors, the iterated functional derivatives

NG
mp,n)(Y1y o ¥n) = g};l—-—r(;—y;

¢ the factorial moment densities of the point process ' [6, pp. 130, 222], [15, p. 11], [48, pp. 111, 116]. They
$0 be shown to be the expected value

[A] (15)

h=1

mr,[n) (Y1, ~--,Y‘n,) =E Z 6)’1 (Wl) T 6}'n(wn)
wW1F. . EWRED
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where the summation is taken over all n-tuples (wi, ..., wys) of distinct objects [48, p. 38], [15, pp. 10-11].

Factorial moment measures are related to the J anossy densities and the probability generating functional by the
equations [6, pp. 133, 142, 149, 222], {36, pp. 11, 17]:

© .

mp, Y1y ¥n) = Z%—,/Jr,[n+k](}’1,---,yn~,W1,---,Wk)dW1"'de (16)
i I dwy - dw 17)
Inm (Y1 eayn) = Z M [ 45) (Y15 eo0s Yy W1y ooy Wi )dWy - - - AW, 17)
Grll+H = Z = / (1) h(ye) M (31, - ¥R)Y1 -+ Y 1)

If n=0 then mp g = 1; whereas if n =1 then we get the PHD described in section 1.3: myp [1)(¥) = Dr(y).
It is clear from equation 16 that mp () (¥1,..,¥n) = 0 if y; = y; for some i # j (since jp [n)(¥1, ...y ¥n) has
the same property).

2.1.6. Factorial cumulant densities

In ordinary single-target statistics, the covariance moments of arbitrary order of a random vector Y are the tensors:

ey (Y1) ¥n) = /(yl -9,y) - {ya = 9,y) f(y)dy

where ¥ is the expected value of Y. The multi-object analog of these quantities are the iterated functional
derivatives ' 6 . G’
o
sl (19)
=1
which are called the factorial cumulant densities of T" [6, p. 146]. They are related to the probability generating

functional by [6, pp. 224]

Cr,[n) (YI, y’n.)

= 1
logGr{l + h] = ZF/h(YI)"'h(Yk) cp,j](Y1y ooy Yi)dy1 - - - dyg (20)
k=0 " ,

If n=0 thencp g = 0; and if n = 1 then cp1)(y) = mp,y(y) = Dr(y). If n =2 then we get the factorial
covariance density [6, p. 146]: '

52 log G[‘ (5G1’\ (5Gp G
CI‘(Yl,Y'z) = cF,[?](YlaY?) = W[h] het = ——gs;— ) 6}’1 ( ) 6y 5}’2 (1)
= mpg(y1,¥2) — Dr(y1)Dr(y2) 2}

Equation 21 can be generalized to statistics of all orders, since the factorial cumulant densities can be written as
combinatorial sums of products of the factorial moment densities [6, p. 147].

2.2. Finite-Set Statistics (FISST)

As previously noted and as I explain more fully in this and the following sections, FISST is essentially a judicious,
engineering-oriented distillation of point process and related concepts drawn from stochastic geometry, random
measure theory, modern statistical physics, and expert-systems theory. The theoretical basis of FISST has been
described in the book Mathematics of Data Fusion [9, Chapters 2, 4-8]. The engineering motivations underlying
FISST have been summarized in the technical monograph An Introduction to Multisource-Multitarget Statistics and
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Its Applications [22] and elsewhere [23], [21]. Rather than repeating this material here, I direct the reader to
those sources. Instead, in this section I summarize the basic relationships between FISST and the (nonstandard)
formulation of point process theory described in the previous section.

I begin with basic concepts: the belief-mass function (section 2.2.1), set derivative (section 2.2.2), multi-object
density function (section 2.2.3), and set integral (section 2.2.4). The first three are the FISST counterparts of the
probability generating functional, functional derivative, and Janossy densities, respectively. Ithen turn to engineer-

-ing concepts: the multisensor-multitarget likelihood function (section 2.2.5), multitarget Markov transition densities
(section 2.2.6), and multitarget posterior densities (section 2.2.7).

2.2.1. Belief-mass function

In single-sensor, single-target problems, tracking engineers typically do not use generating functions to describe a
random vector Y, but rather the probability-mass function py(S5) = Pr(Y € S) or its density function fy (¥).
In like manner, FISST describes a point process I' not with its probability generating functional (section 2.1.2) but
* rather its "belief-mass function” Br(S) =Pr(l' C $)9. The belief-mass function is the multi-object analog of the
probability-mass function. Its value Br(S) is the total probability that all objects in I will be contained in S. The
belief-mass function and probability generating functionals are closely related. For any closed subset S, let 15(x)
be the function defined by 1s(z) =1 if z € S and 15(z) = 0 otherwise. Then the belief-mass function is the
restriction of the probability generating functional of T to these characteristic functions (see section 5.1):

Br(S) = Gr(1s]

2.2.2. Set derivative

Let Y = {y1,..,¥n}. Then the FISST "set derivative” of a belief-mass function Gr of a finite-random set (point
process) I is, if it exists,

§_,3_I‘ A _i A ,BF(S U E )"“ ,BP(S)

8y ) = 5yﬁP(S) B A(']EJyn)n\o A(jEy)

8fr.gy o 8P a b 6

7 ) y1---6Yn (S,) ~ 6y Syl n(S)

Pris) & pr(s) | @

where Ey is a small region that converges to the singleton set {y} and A(Ey) isits hypervolume (i.e., Lebesgue
measure). The set derivative can be thought of as a functional derivative. Thatis, if both the respective set derivatives
and functional derivatives exist, then they are related by (see section 5.2):

88r o _ 8Cr 8r gy G g 9K
v =%y Lsh ) =55, 6y 8 = e, - o5y,

[1s]

'.2‘.2.3. Multi-object density functions

jvLe't I" be a simple point process (i.e., random finite set). We construct the multi-object density function fr(X) of
T by bundling together the Janossy densities of I' (section 2.1.4) into a single density function defined on the space
*of finite random sets:

&"Gr
6y1---6yn
-'In stochastic geometry and theoretical statistics, Sp(S) is known as a specific kind of "capacity measure.” If T is

onempty (i.e., Pr(T’ # @) = 1) then Bp(S) is a "belief function” in the sense of the Dempster-Shafer theory. Because of

s-éhe'SISST formulation of point process theory encompasses Dempster-Shafer, fuzzy logic, and rule-based expert systems
foacnes. o
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where Y = {y1,...,¥n}. That is, the multi-object density can be constructed as a set derivative. Also, ¥ =0
indicates that no object is present, ¥ = {y} indicates that one object with state y is present, Y’ = {y1,y2} indicates
that two objects with states y; 7# y2 are present, and so on. The multi-object density fr(Y") has the form

fr(®) = likelihood that no objects are present
fr({y}) = likelihood of one object x

fr{{y1, .- yn}) = likelihood of n (distinct) objects Xj,...,Xn

2.2.4. Set integrals
Given any function f(Y) of afinite set variable Y, the set integral is defined by

(e o}
1
/ fY)Y = > = / f{yu - yidyr- - dy; (23)
s =l JSX.. XS
N, s

j times
for any measurable set S, where by convention the-§ = 0 term in the infinite sum is f(@). If f = fp for some
point process I, then for each j the j®* term in this sum is the probability pr; = Pr(|[| = j) that T' contains
I" objects. Given this, equation 14 can be rewritten as

Grlh] = / BY - fo(Y)8Y

where hY =[],y h(y). Consequently,if fr(Y) is the multi-object density function of T, then [ fr(Y)sY =
Gr[1] = 1. Substituting h = 1g yields

Br(S) = Gr[1s] = / 15 fr(Y)8Y = /S fr(Y)sy

The set integral is inverse to the set derivative, in-the sense that

B(S) = S%(@)él’, fY)= [% /ﬂ f(W)cSW]

S=0

2.2.5. Multitarget likelihood functions

Let ¥y be the random observation-set generated by a multitarget system with multitarget state X at time-step &
and Bi(S|X) = Pr(Zx C S|X) its belief-mass function. Let Z = {zj,...,2n} be a particular such observation-
set. Then the multitarget likelihood function fx(Z|X) of Zj is the multi-object density function of Xj. That is,
it is constructed by bundling the family of Janossy densities of ¥ into a single density function defined on finite
sets Z of measurements. In particular, it is an iterated functional derivative of the probability generating functional
of X [22, p. 30]:

8B
YA

F(21X) = Jeam(21; o 2m) = —— (0] X)
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2.2.6. Multitarget Markov transition densities

|
\
1 Likewise, let Let x4y be the random track-set at time-step k + 1 generated by a multitarget system with
| multitarget state X at time-step k. Let Bri1x(S|1X) = Pr(letap € S|X) be its belief-mass function and let
| Y = {y1,...,¥n} bea particular track-set at time-step k +- 1. Then the multitarget Markov density fxix(Y]X)
| for Try1p isthe multi-object density function of T'yyij;—i.e., the family of Janossy densities of the point process
‘ T'k41)x,» bundled together into a single density defined on finite sets. In particular, it is a set derivative of the
‘ belief-mass function By1jx [22, p. 30):

6
fl—c+1|k(YlX) = jl“k+1|k,n(}’1, ---,Yn) = _'Igg_';l‘_k(mlx)

2.2.7. Multitarget posterior densities

Let Z®) = {Zi,..,Zx} be a time-series of multisource-multitarget observation-sets Z; collected from the
randomly-varying track-set Iy of a multitarget system at time-step k. The Janossy densities of this point process
(random finite set) are, when bundled together into a single density function defined on all finite sets of target states,
the “multitarget posterior density function”:

)
fk|k(XIZ(k)) = jl"klk,n(xla ey Xn) = —?'%(@lz(k))

where By x(S|Z (k)) = Pr(T'yx, € S) is the belief-mass function of T'gy. In other words, X = @ indicates that no
target is present, X = {x} indicates that one target with state x is present, X = {x1,X»} indicates that two targets
with states x; # Xg are present, and so on. So,

T2 (k)) = posterior likelihood that no targets are présent
Tr) «{xHZ (¥)) = posterior likelihood of one target with state x .

Frp({x1, e xn}Z (k)) = posterior likelihood of n targets with states X, ..., Xn

2.3. FISST vs. Conventional Point Process Theory

Given the existence of these relationships between FISST and the more usual versions of point process theory, what
is the advantage of using FISST? When I published Mathematics of Data Fusion in 1997, I argued [9, pp. 71-72,
170] that FISST offered engineers certain advantages over a multi-object statistics based on random measures. First,
it is explicitly geometric in that the random variates in question are actual sets of observations (visualizable random
images) rather than abstract integer-valued measures. Second, because FISST provides a systematic foundation for

" both expert systems theory (fuzzy logic, Dempster-Shafer theory, rule-based inference) and multisensor, multitarget
estimation and filtering, it permits a systematic and mathematically rigorous integration of these two quite different
aspects of information fusion. Third, systematic adherence to a random set perspective results in a formulation

- of point process theory that is nearly identical to the "Statistics 101” formalism with which tracking engineers are
?!I@ady familiar. In subsequent publications [22], [23], [21]I spelled out what this means in greater detail:

® just as single-sensor, single-target data can be modeled using a measurement model Zy = hy (x5, W), so
-, multitarget multisensor data can be modeled using a multisensor-multitarget measurement model—a randomly
varying finite set £, = Ty (Xx)UCk(Xz) where T and Cj indicate target-generated and clutter-generated
observations, respectively [22, pp. 17-20];
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e just as the single-sensor, single-target likelihood function fi(z]x;) can be derived from the probability mass
function py(S|xz) = Pr(Zs € S|xx) of the measurement model via differentiation, so the true multitarget
likelihood function fx(Z|X}) can be derived from the belief-mass function B(S|Xx) = Pr(Zx C S| X%) of
the multisensor-multitarget measurement model, using the set derivative;

e just as single-target motion can be modeled using a motion model X1 = ®p(xx, Vi), the motion of
multitarget systems can be modeled using a multitarget motion model—a randomly varying finite set T'y 1 =
&1 (Xx, Vi) that takes account of target appearance and disappearance [22, pp. 21-23];

e just as the Markov transition density fii1jx(Xx+1/xx) can be derived from the probability mass function
Pr+1)k(S|xk) = Pr(Xy41 € S|xx) of the motion model via differentiation, so the true multitarget Markov
transition density fx1jx(Xx+1|Xx) can be derived from By 15 (S| Xx) = Pr(Cx415 € S| Xx), by applying
the set derivative to the belief-mass function of the multitarget motion model;

e just as simple "turn the crank” rules exist for freshman differential and integral calculus, so similar turn the
crank rules (sum, product, chain, power) exist for the FISST differential and integral calculus {22, pp. 31-32].

Finally, because FISST systematizes these “Statistics 101" parallels between single-object and multi-objects
statistics, it provides a general engineering methodology for attacking multisource-multitarget data fusion problems:

e Almost-Parallel Worlds Principle (APWOP): Nearly any single-sensor; single-target concept or algorithm
can, in principle, be directly translated into a corresponding multisensor, multitarget concept or algorithm

Since 1994, a long-standing illustration of the APWOP has been the concept of multitarget information measures
of effectiveness—for example, the following multitarget generalization of the Kullback-Leibler cross-entropy [9, pp.
205-209; 295-312], [18], [20], [52], [19]: ' '

single-sensor, single-target => | multisensor-multitarget

K(f,9) = | 1) log (1) dx | = | K(1,9) = ] £(X)log (203 oX

Using the APWOP, we simply replace conventional statistical concepts on the left with their FISST multisensor,
multitarget counterparts on the right. Specifically, the ordinary densities f, g on the left are replaced by the multi-
target densities f, g on the right; and the ordinary integral [ -dx on the left is replaced by a multitarget set integral
J -6X on the right. .

3. MULTITARGET FIRST-MOMENT FILTERING

The purpose of this section is to: introduce the concept of multitarget moments of all orders (section 3.1); describe
a multitarget filtering approach based on propagation of the first-order moment (the “probability hypothesis density”
or PHD, sections 3.2 and 3.3 ); and summarize performance results for a preliminary implementation of this "PHD
filter” (section 3.4). As previously noted, the PHD filter described in these sections is a statistical multitarget
analog of the a-B-v filter. It sidesteps the computationally intractable problem of propagating the multitarget
posterior density by, instead, propagating only the first-order moment of that density. This is possible only under
the assumption that signal-to-noise ratio is relatively high. The PHD filter must be implemented as a computational
nonlinear filter, using analogs of equations 1 and 2. It tracks targets without making any attempt to associate reports
with tracks. For more details, the reader is referred to recent papers [271, [17], [29], [7]. I conclude the section
with an open research problem (how to define track-valued rather than function- or measure-valued expected values,
section 3.5)—and a short history of Bayes recursive multitarget nonlinear filtering (section 3.6).
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3.1. The Multitarget Moment Density Function

Recall that in section 2.1, T used an iterated functional derivative of the probability generating functional Gy [A]
of a random track-set (point process) [y to define the Janossy densities Jry.n (x1,.,Xn). Then in section 2.2

I bundled these densities together into a single multitarget posterior density function  fy| k(X IZ(’“)) and showed
that it can be computed as an iterated set derivative of the belief-mass function Sy k(S) of Tgy. In section 2.1
I also introduced the concept of the factorial moment densities of a point process. Applying equation 15 to the
random track-set T'yx, we likewise bundle the factorial moment densities ™y, n] (x1,...,Xn) into asingle density
function myx(X|Z (5)) defined on a finite-set variable X = {x1, ...y Xn} and call it the multitarget moment density
function of the track-set:

mk|k(®lz(k)) =1, mklk(XIZ(k)) = 1y, m) (X1, veey X))

From equation 15 it follows that

8Bkix

_ Buk o 7

mklk(Xlz(k)) = (512®)

S=8

where S is the entire state space. Thus the multitarget moment density can, like the multitarget posterior density,
be computed from By, using iterated set derivatives. Likewise, equations 16, 17, and 18 become

mage(X128) = /Y _ Tu|Z®)sY = / Fop(X UW|Z®)sW 25)

fup(X12®) = f (=)W (Y] 29)8Y = / (1)l (X U W| 256w (26)
YO X

Gyl +h] = / KX (X 2%9)6X @7

where hX = [[yex h(x) given X = {x1,..,Xn}. Equations 25 and 26 tell us that the multitarget posterior
and multitarget moment densities are interchangeably computable from each other. Equation 25 additionally tells
us that my(X |2 (X)) is the marginal-posterior likelihood that, regardless of how many targets there may be in the
multitarget system, exactly n of them have states X, ..., Xn.

In particular, the first moment density (or ”probability hypothesis density,” PHD [46), [9, pp. 168-169]) has the
form

Dy (x|2®) = myp(x|2®) = /X Fup(X12W)6X = / fip({x}uY|Z2®)5Y

" For any measurable subset S C S of state-vectors, the expected number of targets in S is [27, p. 106], [17,
Theorem 2], [9, p. 169]

Nk|k=E[|Fklkms|]=/SDklk(x\Z(k))dx (28)

This property characterizes the PHD uniquely. That is, if gx (x) is any other density which gives the expected
n‘?rflber- of targets in S when integrated over S, then it is (no matter how imaginative the name or notation one might
. 2ss1gn to it) nothing else but the PHD. For, since [ ge(x)dx = fg Dr(x|Z (E))dx for all measurable S then
Dy, almost everywhere. A typical example of a PHD is pictured in Figure 2.
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3.2. Basic Idea Behind the PHD Filter

The theoretically optimal foundation for multitarget detection, tracking, and identification is the following general-
ization of the recursive Bayes filter equations 1, 2, and 3:

Forp(Xea| 2®)) = /fk+1|k(Xk+1|Xk) T (Xe| 288X 29
Fe(Zet1| Xat1) Frpap(Xn41]2®)

Xp1|ZEHDY = (30)
Frtrip1(Xe4a] ) AANTC)
: |X]
~ C
Xl = args;pmfm,kﬂ(xlzkﬂ) (31)

where [22, pp. 47-49], [9, p. 237-243]:

(1) Xy is the multitarget state, i.e. the set of unknown target states (which are also of unknown number) and
Zy, is the set of all measurements collected from all targets at time-step k;

@) fer(XklZ (¥)) is a multitarget posterior density at time-set k conditioned on the time-stream Z(*) =
{Z], veey Zk};
o (3’ ) fu(Z|X) is the multisensor, multitarget likelihood function that describes the likelihood of observing the
observation-set Z given that the multitarget system has multitarget state-set X;

. @) St x(Xr+1|X5) is the multitarget Markov transition density that describes the likelihood that the targets
will have state-set X1 at time-step &k -+ 1 given that they had state-set at time-step k;

(&) frrip(Xk+1]2 (k) is the time-prediction of the multitarget posterior Fe(Xx|Z (%)) to time-step &+ 1; and
(6) fr+1(Zr41|Z®)) = [ Fe(Zr41]Y) Fri1u(Y]1Z2®))8Y is the Bayes normalization constant.

(A short history of Bayes multitarget filtering can be found in section 3.6.) The multitarget filtering equations 29,
30 and 31 cannot be copied from the single-target filtering equations 1, 2, and 3 in the blind fashion just suggested
[22, pp. 1-6, 91-93], [21], [25], [24]. For example,

(7") the direct multitarget generalization of the MAP estimator is not defined in general (and, as previously
indicated, the multitarget generalization of the posterior expectation still resists definition); X, gfl"lfk 41 is a specially-
defined multitarget analog of the MAP estimator [22, 40-44],

(8) the integrals [ -6X) and [-6Y are set integrals.

Clearly, if the single-target Bayes filter equations 1, 2, and 3 are already computationally daunting, then the
multitarget filter equations 29, 30, and 31 will be computationally intractable in most circumstances. So, we proceed
by analogy from the single-target case. There, we assumed that SNR is so high that the posterior is approximately
completely characterized by its first moment statistic and then propagated Xy, alone using a constant-gain Kalman
filter. The idea underlying the PHD filter is to extend this reasoning to the multitarget case. We assume that SNR
is so high that the first-order moment (the PHD) of the multitarget system is an approximate sufficient statistic:
Fui(Xe| Z%)) 22 frn(Xi| Dyyx). We then “fill in the question marks” in the following diagram,

Ititarget prediction multitarget Bayes’ rule
o= frp  —TUHEESP forip — get Bay Srhtpr — o
e Dklk —,moment prediction?? Dk+1|k —ymoment data update?? Dk+1|k+1 — e

where the top row portrays the time-evolution of the multitarget Bayes filtering equations 29 and 30; and where the
downward-pointing arrows indicate the replacement of multitarget posteriors by their corresponding PHD’s. Ideally,
this diagram would be Bayes-closed in the sense of Kulhavy [12] and Iltis [11], meaning that for any k:
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1. the two time-update paths fx — Frv1x — f)kﬂlk and frx — f)k]k — Dk“]k yield the same ﬁk+1|k;

2. the two data-update paths fr1x — frtakrs — Drsapsr and Sepae = Digap = Dggajess vield the
same Dy 1(x+1; and

3. f)kﬂlk is a “best-fit approximation” of fi 1z, and f)k+1!k+1 is a “best-fit approximation” of fgi1jk+1, 0
some explicitly specified sense.

If all three of these properties were satisfied, the filter indicated in the bottom row of the diagram would be
theoretically guaranteed to not diverge. That is, it would always produce exactly the same best-fit Dklk or
Dk+1| . that one would get if one could implement the optimal filter in the top row and then compress the respective
multitarget posteriors into their corresponding first moments. In the approach proposed in this paper, property (2) is
only approximately satisfied. The PHD filter is based on the following assumption: the random multitarget track-set

RYIRY approximately equal to the Poisson process (Poisson track-cluster) f‘k| x that most closely resembles it. By
definition, T is a multidimensional (spatial) Poisson process with intensity function D(x) if [48, p. 33], [43, pp.
86-87], [15, p. 6]: '

1. forall i > 1, TN Sy,...,['NS; are statistically independent random sets whenever Sj, ..., S; are mutually
disjoint bounded subsets; and

2. the number of elements of ' in any bounded subset S is Poisson distributed: Pr(|[l'NS| = n) =

e—D(S;!D(S)" , where D(S) = f s D(x)dx is called the intensity measure.

The belief-mass function of a Poisson process has the form ((S) = exp (D(S) — N) where N = J D(x)dx,
the expected number of objects, is given by equation 28. The multi-object moment density function and multi-object
posterior of a Poisson track-set I'y);, have the simple forms [6, p. 226]:

@) = 1, uX) = [ Dip®) ' (32)
xeX
Fun(®) = e~ Nk, Fup(X) = e~ Nux H Dypi(x) (33)
xeX

Equation 33 tells us that the joint density of the tracks x1, ..., Xn, given that there are n tracks, is

~

o 1
Frir(X1, oy Xn|7, 7%y = ] w1k ({1, -+ Xn Y, AR

fklk({xla -"ax'n}lZ(k)) _ ~
Pr(l[‘klk‘ — TL) = Hsklk(xi)

i=1

»\A/here fkl k(X1, .oy Xn|n, Z ()} is the joint posterior distribution of the vector (X1, -y Xn) and where 8xx(x) =

- Dyr(x)/ Nklk is the spatial probability distribution of each track [43, p. 90]. That is, given the number of tracks,
their locations are independent, identically-distributed random vectors. |

We now choose fk| . so that it is the multitarget distribution of the Poisson-distributed track-cluster fklk

: tl?at best approximates the posterior track-set Ty, in the sense that it minimizes the multitarget Kullback-Leibler
. discrimination [9, pp. 205-215]:

(k)
Fup(X1Z )) sx G

: Fre(X)
- I'This fact tells us how to construct Poisson track clusters. Let Xy, Xo, ... be an infinite sequence of independent, identically

‘c;‘litmbuted random track-vectors and let v be a Poisson-distributed random integer: Pr(v = n) = e~ Nk N,?l z/ml. Then
b {xla'u-,xu} is a Poisson track cluster, where it is assumed that T =  whenever v =0.

K(fk|k;fk|k) = /fk]k(XlZ(k))log<
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Minimization occurs (see section 5.3) when f)klk(x) = Dyi(x|Z ()). This in turn implies that Nk|k = Ny
where Ny = J Dyi(x12 (6))dx is the expected number of tracks at time-step k. Consequently: when we say
that the first-order moment Dk| % can be propagated in place of the multitarget posterior fx;x, what we are actually
saying is that we can propagate fy; in place of fyx because it is a reasonably good approximation in the sense
that the track-set 'y, strongly resembles the Poisson track-cluster Pge ie. fop & fapg-

3.3. The Bayes First-Moment Filtering Equations

Given these preliminaries, it can be shown [17, Theorem 4], [27] that between measurement-collection times, the
PHD can be propagated in time, without approximation, using the exact prediction integral

Dk-{-llk(ylz(k)):/(dk+1|k(x)fk+_1|k(ylx)+5k+1|k(}'|x)) Dyyx(x]2®)dx (35)

where

(1) 1 — dg4qx(x) is the probability that a target with state x at time-step k will disappear from the scene at
time-step &k + 1;

Q") by 1jx(¥[x) is the PHD of the multitarget density by.1j5(X|x) that describes the likelihood that a target
with state x at time-step k will generate aset X of new targets at time-step & + 1;

If the track-set strongly resembles a Poisson track-cluster then it can be shown [17, Theorem 5], [27] that the
following approximate equation is the Bayes update of the PHD using a new scan Zj ., of data:

PDDk+1 (z]Z(k))
Z€ Zr 41 Ak+1¢k+1(Z) + Pp Dy y1 (2| 2(R))

Dy yrjpa(x]2¢+D) o Dyyapra(x|z, 20)

— Diyaje(x129) (36)

where: .
@) Nepap=f f)k+1| x(x|Z (k))dx is the predicted expected number of targets at time-step k + 1;
(4") pp is the (state-independent) probability of detection of the sensor, assumed to be large enough that
pp>1-— Nk_+11|k for any k;

(5") Ak+1 is the average number of Poisson false alarms per data-scan, and cx41(2) is the (state-independent)
distribution of each of these false alarms;

(6") Dy41(2 ZW) = [ f(z|%) Dyy1p(x|2®)dx; and

(") Dysajpsa(xlz, Z®) = f(2lx) Dyyypp(x|2®)) Dy41(2128) 1 is aBayes’ rule-like update of Dy g1 (x| 2®)

using the observation z.

It can also be shown [17, Theorem 6] that equation 36 is easily extended to deal with multiple sensors, assuming
that the observation-sets collected by these sensors are conditionally independent.

In other words: if SNR is large enough then multitarget detection, tracking, and identification can be ac-
complished using a process that strongly resembles single-target nonlinear filtering—and that also does not re-
quire report-to-track association. Rather, data association is essentially replaced by multi-peak extraction. At
each stage, the PHD filter propagates not only the PHD bk[k (x]Z*)) but also the expected number of targets
Nkl k= [ Dk[ #(x|Z (k))dx. Consequent]y,‘estimation of the multitarget state is accomplished by computing the
nearest integer [Ny;] in Ny, and then searching for the [N largest peaks of f)klk(le ().
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Figure 1. Simple Test Scenario. Target 1 enters at upper right of the scene, Target 2 enters at lower left, and Target
3 is near the center and motionless. Target 1 overruns Target 3 at the time of 38" observation.

3.4. PHD Filter: Preliminary Results -

The purpose of this section is to describe the performance of a preliminary implementation of the PHD filter, as
applied to a simple model problem. This work is described more fully in recent conference papers [7], [29].
The PHD filtering equations 35 and 36 were implemented using a “spectral compression” computational nonlinear
filtering technique developed at Lockheed Martin Tactical Systems. A simple multi-peak extraction algorithm was
used to find the N largest peaks of the PHD at each time-step, where N is the integer-valued expected number of
targets supplied by the PHD filter. This peak extractor divides the scenario into a quantized grid and searches for
maximal values. Localization accuracy is thus limited by the quantization error.

The PHD filter was applied to the simple three-target model scenario pictured in Figure 1. Two moving targets
enter the scene from upper right and lower left, whereas a third target is motionless at the center. One target overruns
the motionless target at the time of the 38" observation, generating confusion about target location. The scene is

' observed by a single Gaussian sensor. In keeping with the assumptions that underlie the PHD filter, signal-to-noise
ratio is assumed to be high: ¢ = .01. There are no false alarms, and target number is assumed to be unknown but
unchanging. A simple instantaneous straight-line motion model is used. With these assumptions, the PHD filtering
equations 35 and 36 reduce to the simple form:

“’;‘,le+1|k(Y|Z(k)) _ /fk+1]k(y|x) Dp(x|2®)dx,  Dyypappa (x| 2¢D) = > Drppia(xlz, Z®)
‘ 2E€Zp 41
Our results are as follows.

% v_;Eigu're 2 shows the graph of the PHD at the time of the 35th observation. Despite the fact that some confusion
etween Target 1 and Target 3 is beginning to occur, the peaks corresponding to the three targets are clearly separated.
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x-coordinate

Figure 2. PHD at 35®" Time-Step. Since Target 3 is motionless, the peak corresponding to its location is large
compared to the peaks for the other two targets.

Because Target 3 is motionless there is less confusion regarding its position, and so its peak is higher than the peaks
corresponding to the other two targets. '

Figure 3 shows the tracking performance of the PHD filter throughout the scenario, using a measure of perfor-
mance called the "Hausdorff multitarget miss distance” [52), [22, p. 461, [9, pp. 137-138]. The Hausdorff distance
@Haus(G, X) is the multitarget analog of the single-target concept of Euclidean miss distance ||g — x|| between a
ground-truth target g and a track estimate x. It is defined as:

dieus(G, X) = max{da(G, X), do(X,C)},  do(G, X) = max mip [lg —x]
where G is the set of ground truth targets and X a the set of track estimates. In our case G = {g1,82,83} isthe
indicated ground truth at a particular observation-time, and X = {x1,%2,x3} are the track locations generated by
the PHD via peak extraction, at the same observation-time.

Figure 3 shows that, over-all, the PHD filter successfully tracks the targets even though it does not try to associate
reports with tracks. Tracking accuracy is limited by the quantization error of the peak-extraction algorithm rather
than by the PHD, and is approximately o = 0.005. It is good even before and after the time of the 38" time-step,
the time of maximal target-to-target confusion. The large error spikes at the 35" and 40" observations are caused
by failures in the peak-extraction algorithm and not the PHD filter itself. (Figure 2 shows, for example, that the
peak extractor failed at the 35" observation even though the three peaks are clearly separated.) In these cases, the
peak extractor failed to find one of the peaks and assigned two target locations to another peak.

This experiment demonstrates that the development of good multi-peak extraction algorithms is critical to the
successful implementation of a PHD filter. It also shows that, to a great extent, peak extraction plays the same
role in a PHD filter that report-to-track association does in a conventional multi-hypothesis multitarget tracker. The
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Figure 3. Tracking Performance of PHD Filter. The Hausdorff multitarget miss distance (vertical axis) is plotted
versus observation number. Localization accuracy is good even when Target 1 overruns Target 3 at the time of the
38th observation. The two large peaks at the 35™ and 40™ time-steps are due to peak-extraction failures.

.

computational complexity involved in data association is not entirely sidestepped, but rather is partially transferred
to the peak-extraction process. .

3.5. Open Research Question: Expected Track-Sets

Many definitions of the set-valued expectation E[I'] of a random set I have been proposed [9, pp. 176-177], but
none of these are applicable to random finite sets—i.e., to simple point processes. At the 1998 GTRI/ONR Workshop
on Tracking and Sensor Fusion [28] I suggested a definition of a track-valued multitarget expected value of a random
track-set, based on the idea of transforming finite sets into multinomials (similar to a similar transformation proposed
earlier [9, p. 179]). This definition of E[I'] produces intuitively acceptable multitarget expectations in special cases.
For example, if the track-set I = {Xj, ..., Xn} is the union of statistically independent tracks Xi,...,Xn whose
_ respective expected values are X, ..., Xn, then E[[l= {Xi, ..., Xn.}. However, the approach does not appear to
be satisfactory in general. The problem of correctly defining E[I'] is an open research question. In this section I
argue (as I did in the 1998 workshop) that any acceptable definition of E[I'] should have the following properties:

“: o Congsistency: 1f X is any random vector then

E[{X}] = {B[X]}

. That is, the expectation of a random track-set that always contains a single random track should itself contain

A

~only asingle track; and this track should be the expected value of the random track: {X} = {X}

A'_ ‘_Empty track-sets are ignored: Let T’ be a random track-set and let E[[|" # 0] denote the conditional
- expectation of T' given that it is non-empty. (That is, whereas E[I'] is the expectation with respect to the
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multitarget density fr(X), E[I|T" # @] is the expectation with respect to the multitarget density frirso
defined by frirzp(X) = (1 - fr(0))~'fr(X) when X 0 and fpyrsp(8) = 0 otherwise.) Then

E[I'l = E[[T" # 0]
That is, empty track-sets should provide no contribution to the value of a multitarget expected value.

e Preservation of geometry: Let I'1,T'y be statistically independent track-sets. Then
E[l'; UT%] = E[T'1] U E[l'y]

That is, when two random track-clusters are statistically non-interacting, their joint multitarget expected value
should just be the union of the multitarget expected values of the individual track-clusters. For example,
{X1,Xo} = {X1,X0} if X;,X are independent random vectors.

® Preservation of affine transformations: Let I' be arandom track-set and a a constant track-vector and T'(x)
any linear transformation of track-vectors x. Define T'({x1,..,xn}) = {T%1,...,Tx,} and X + {a} =
{x+a| x € X} for any subset X. Then

BIT(T) + {a}] = T(E(TY) + {a}

That is, to compute the multitarget expected value of a random track-set after a (possibly degenerate) affine
transformation x — T'(x) + a of the coordinate system, just apply the same transformation to its expected
value. For example, {a-X1 +a, a- Xz +a} = a- {X1,X2} + {a} where X3, Xy aré (not necessarily
independent) random vectors and a is a constant.

3.6. Related Approaches

The idea of using a single-target density function grjx (or the probability contours of its graph) as a basis for
multitarget tracking is a relatively common one. Examples of implemented algorithms are the Naval Research
Laboratory’s TABS (Tactical Antisubmarine-warfare Battle-management System) tracker, Metron Corp.’s Nodestar
tracker [47] and the “probabilistic mapping” multitarget tracking approach of Tao, Abileah, and Lawrence [49]. The
PHD filter differs from this work in that it (1) provides a solid theoretical foundation for single-density approachesin .
general, (2) clarifies the relationship between single-density approaches and the optimal multitarget filter, (3) makes
explicit the theoretical assumptions that implicitly underlie single-density approaches (in particular, the assumption
of high SNR), and (4) validates Stein and Winter’s intuition that the PHD is a theoretically correct” choice of Gx|k
as well as their concept of “weak evidence accrual.” Beyond this, the PHD approach leads to new practical insight
and new implementations because the PHD can be propagated by conventional nonlinear filtering equations.

The concept of multitarget Bayesian nonlinear filtering (equations 29 and 30) is a relatively new one. If one
assumes that the number of targets is known beforehand, the earliest exposition appears to be due to Washburn
[51] in 1987, who used a random measure-based point process approach. When the number 7 of targets is not
known and must be determined along with the individual target states, the earliest work appears to be due to Miller,
O’Sullivan, Srivastava, et. al. [44], [45]. Their very sophisticated approach utilizes solution of stochastic diffusion
equations on non-Euclidean manifolds. It is also apparently the only approach to deal with continuous evolution of
the multitarget state. Mahler was apparently the first to systematically deal with the general discrete state-evolution
case (Bethel and Paras [3] assume discrete observation and state variables). Stone et. al. have provided a valuable
contribution by clarifying the relationship between multitarget Bayes filtering and multi-hypothesis correlation [47,
pp- 161-208], [9, p. 32], [22, p. 48]. Nevertheless their approach is, with regrets, best described as “heuristic”
for reasons described more fully elsewhere [22, pp. 91-93]. Kastella’s “joint multitarget probabilities (JMP),”
introduced at Lockheed Martin Tactical Systems in 1996, are a renaming of a number of early core FISST concepts
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(set integrals, multitarget information metrics, multitarget posteriors, joint multitarget state estimators, etc.) devised
two years earlier [37, pp. 27-28], [25]. Portenko et. al., also using a random measure-based point process approach,
use branching-process concepts to model target appearance and disappearance [38].

Most recently, M. Kouritzin has noted [16] that the theory underlying particle-systems filters also subsumes point
processes and therefore multitarget tracking as well. In particular, this means that particle system-based multitarget
nonlinear filters will have very good convergence properties (i.e., for every multitarget observation sequence, the
particle density will converge almost surely to the actual multitarget distribution). It also means that particle-
system methods can be applied to single- and multitarget systems whose motion models—e.g., heavy-tail or non-
differentiable models—are too ill-behaved to be describable by conventional Kolmogorov-Forward (Fokker-Planck)
equations.

It should also be pointed out that Mori, Chong, et. al. first proposed random set theory as a potential foundation
for multitarget detection, tracking, and identification (although within a multi-hypothesis framework) [35, pp. 33-

~ 37). Since 1995 Mori has returned to the field and published a number of very interesting papers based on random

set ideas [32], [33], [34].

4. SECOND-ORDER MULTITARGET STATISTICS

The PHD filter described in section 3 makes use only of the first-order multitarget moment statistic and, in this sense,
is a statistical analog of single-target, constant-gain Kalman filters such as the -8~ filter. The Kalman filter arises
when we try to propagate the second-order as well as first-order statistics of a target. The extended Kalman filter
(EKF) results when we expand the likelihood functions and Markov densities in Taylor’s series, in order to propagate
second-order approximations of the single-target posterior density function. It is natural to ask whether analogous
things can be done for multitarget systems. First, can we propagate a second-order approximation of the multitarget
posterior density (i.e., the PHD and a multitarget covariance) instead of the multitarget posterior itself? If so, we
would have a statistical multitarget analog of the Kalman filter. Second, can we expand the multitarget likelihood
function and multitarget Markov density in some kind of “multitarget Taylor’s series”? If so, we would have a leg up
on defining a direct multitarget analog of the EKF. The purpose of this section is to discuss these issues. Our results
are preliminary, but can be summarized as follows. At this time, it does not appear likely that a computationally
tractable *multitarget Kalman filter” can be constructed from second-order multitarget moment statistics. However,
it appears that it might be p@le to develop a multitarget analog of the EKF, though the potential computational
practicality of a "multitarget EKF” remains to be seen.

The section is organized as follows. In section 4.1 I introduce the multitarget analog of covariance-moment
statistics, the multitarget covariance density function. Then, in section 4.2, I discuss the possibility of constructing
multitarget filters based on second-order multitarget covariance statistics—i.e., statistical multitarget analogs of the
Kalman filter. In section 4.3 I revisit the EKF and identify a “missing link”—namely, multitarget Taylor’s series

_ expansions—that must be dealt with before any multitarget analog of the EKF can be constructed. Finally, in section

4.4, Lintroduce a generalization of the concept of a point target—the »point-Poisson track-cluster”—and show how
it leads to Taylor’s series expansions of the multitarget log-likelihood.
4.1. The Multitarget Covariance Density Function

In section 2.1.6 T introduced the factorial cumulant densities of a point process. Applying equation 19 to the random
ﬁrack-set T jx, we bundle the factorial cumulant densities €Ly jol) (x1,...,Xn) into asingle density function defined
on a finite-set variable X = {xi,...,Xn} and call it the multitarget covariance density function of the track-set:

cr(012%)) =0, cxp(X1Z®) = ep, i (K1, s Xn)
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From equation 19 it follows that

) log B Slog B
ep(X|Z®) = —FE(812®)| = —E(5]2%)

S5=S§

where S is the entire state space. Thus, the multitarget covariance density can, like the multitarget posterior and
moment density functions, be computed using iterated set derivatives. Likewise, equation 20 becomes

log Gyj[l + h] = /hX - (X Z2®)6X

where as usual hX = [[,cx h(x) given X = {x1,..,%n}. As before, we note that cx({x}|Z *®)) =
mug({x}H Z®)) = Dy (x| 2*)) and we give the second-order covariance

crpp(x1,%2|1 2®)) = e ({x1,%2}12H)

a special name: it is the covariance density of the random track-set 'yx.

- As an example, if Ty, is a Poisson track-cluster then ¢, (X |Z®) =0 forall |X|>1 [6,p. 226].

)

4.2. Second-Order Filtering

The PHD filter of section 3.3 was based on the assumption that the PHD is an approximate sufficient statistics for
the multitarget posterior frx(X|Z (k)). In other words, the track-set Iy is assumed t0 be approximately Poisson
and thus the multitarget posterior is approximately the multitarget density function of a Poisson process. Stated in
the language of multitarget covariances, this is the same thing as insisting that cjx(X|Z (k)) 220 forall |X| > 1.

Suppose that we instead insist that cxe(X|Z (])) = 0 forall |X| > 2. This means that Tyjx  would be the
formal point process statistical analog of a Gaussian random vector. Such a track-cluster is known in point process
theory as a ”Gauss-Poisson process” [6, 266-267]. Any Gauss-Poisson process is essentially just a Poisson process
in which each track is replaced by a pair of correlated tracks [6, pp. 247-248].

If we were to follow the strategy used in the derivation of the PHD filtering equations 35 and 36, we would
proceed as follows. We would assume that fy(X |Z (k)) is Gauss-Poisson and that, consequently, it can be written
as a combinatorial sum of products of cyx(x1,%2|Z ®)) and Dy (x|Z (£)).  Then we would apply the multitar- -
get Markov prediction integral (equation 29) to derive fr41x(X|Z (’“)) and then compute the first-moment density
Dyy1x(x1Z (B)) and covariance density Cr1e (X1, x| Z®)). We already know how to determine Dy yn(x|2 (k)
exactly from equation 35. It turns out that cjq1jx(x1,%2|2 (£)) can be computed by applying this same equa-
tion to both arguments of cgx(x1,%2|Z (F)). The difficulty comes with the multitarget Bayes’ rule, equation 30.
We would apply the multitarget likelihood and Bayes’ rule to get fyqjk+1(X|Z*+1)) and then try to compute
Dyr1ks1 (%12 and ey g1 (%1, %2/ ZF+D). However, the answer to this symbolic computation currently
eludes solution. Moreover, even if it were completed successfully the approximate Bayes’ rule for propagating
Cr1je(X1,%2|Z &) to Cr41)k+1(X1,X2|Z (5+1)) may be so complex as to be unusable in practice.

Consequently another approach is called for, as suggested in the next section.

4.3. Basic Idea for a Multitarget EKF

The usual development of the extended Kalman filter [5, p. 109-111] begins with a sensor measurement and target
motion model

zy = gr(Xz) + Vi, Xp+1 = Te(xx) + W
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where f; and g are nonlinear vector transformations and Vy, Wy, are Gaussian random noise processes. These
models are then linearized:

\ ge(x) & gr(Rep-1) + Ak (x— Rpk-1),  Te(x) = fe(Zee) + By (x — Rk
|

o8k ;.. ofy .
A = g1 Br=5pE)

where % (%) = (—g%(i)) _denotes the Jacobian matrix of the vector transformation h, evaluated at x = X.
1,
i It is not possible to directly extend this line of reasoning to the multitarget case. For example, suppose that
| two statistically independent targets with states x; and x are present, and that in addition to the noise model
| zr, = gr(xx) + Vi the sensor has no missed detections but its observations are corrupted by an independent
Poisson false alarm process Cy. Then the typical multitarget observation would be:

where V1, Vi are independent, identically distributed copies of V. Because of independence, this can be
converted into a measurement model on random densities:

G = 6Sk(x1)+vk,l + 68k(x2)+Vk,2 + écy,

This is a multitarget analog of the equation z; = gk (x) + Vi, but it does not help us very much since it cannot be
linearized in the multitarget state variable § = 0x; + 6x,.

If we are to generalize the EKF approximation strategy to the multitarget case, we must therefore approach
it from a different direction. The above nonlinear-Gaussian models can be equivalently expressed in terms of a
Markov density fj1jx(y]x) and a likelihood function Ly, (x) = fr(zx|x) whose logarithms are

Zy, = {gr(x1) + Vi1} U {8r(x2) + Vi2} UGy
log fi+1x(¥]x) = logNg,(0) — % (y — f:(x))T Ry (y — fi(x))
|

log Ly (x) = 1o Noy(0) 5 (o — 8x(x))" @™ (2 — &4(x))

Using the EKF approximation, the log-likelihood can be rewritten as

2y, — Er(Xrjp-1) >TQ;1 ( 2y, — 8k (Xijk-1) )

1
log L 2 Jog No, (0) — = ~ o
0 Lz, (x) og Na, (0) 2 ( — A (x — Zgpp—1 — Ay, (x — Rgjp-1)

= log Lz, (Rejk-1) — (Zk - gk(ﬁmk—l))TQ;lAk (x ""A‘klk—l)

1 - o
-3 (x— ﬁk[k—l)T AT QM Ap (x — Rye-1)

or, equivalently, as a truncated Taylor’s series expansion:

log Ly, (x) 2log Ly (Rpjk—-1) + 55— Xkjk— 4+ = (k|- 37
2 (%) &2 10g Lz, (Rgyk—-1) 8(X—Xk|k_1)( Klk—1) 25‘(X—Xk|k_1)2( T ;) (37

" where

OlogL,, ,._ - T - 2 -
o Rkje-1) = = (2 — 8r(Rkjk-1) Q5 Arx, —x—1_2—(xk|k"1) = —x] 47 Q% Arxa
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In order to apply this line of reasoning to the multitarget case, we would need to be able to generalize equation
37 to a similar multitarget equation

. dlog Ly . 1 8%logly .
log Lz, (X) 2 log Lz, (Xgje—1) + 252 —(Kyi_1) + = == —(Xyk-1) (38)
' T X~ R Y T 2800~ Ry M

where Zj is the multitarget measurement, X,X. klx—1 are multitarget states, and Lz, (X) = (2] X) is the
multitarget likelihood function. This cannot be accomplished because the arithmetic difference X — X klk—1 1S
not defined, and because we do not know how to compute Frechét derivatives 22(Y) of functions F(X) of a
finite-set variable X. This, in turn, is due to the fact that F(X ) is inherently non-differentiable” because of
the discrete jumps in target number that occur in the argument X. In the next section, I propose the following
remedy: extending Lz, (X) to a multitarget likelihood functional Lz, [h] that is differentiable in the function-
valued argument h with respect to the Frechét functional derivative (8F/dg)[h] defined in equation 10 of section
2.13.

4.4. Generalized Targets: Point Track-Clusters

We propose the following idea: extend the concept of a point target with state x to that of a point track-cluster
with state (a,x). By this I mean a cluster of targets, all of which are co-located at x and the expected number of
whichis a > 0. If a =1 then the point cluster (1,x) models a point target. A group of point clusters is just a
finite set of the form X’ = {(a,x;), ..., (an,%n)}. In section 2.1.1 we noted (equation 8) that X’ is mathematically
equivalent to the density function 4 = a16x; + ... + andx,. This identification allows us, in turn, to interpret any
function h(x) as a continuously infinite collection of point target-clusters—meaning that a point track-cluster is
located at each point x of state space and the expected number-density of targets in this cluster is h(x).

Given this, suppose that we have a single sensor with single-target likelihood function L,, (x) = f (zk|x) and
state-dependent probability of detection pp(x), which we assume can be extended to a function pp(a,x) of target
number a as well as target state x. Then I will show how to define a likelikood Junctional Lg,[h] = fr(Zx|h)
that extends the multitarget likelihood function Lz.(X) = fr(Z|X) and which describes the statistics of the
observation-sets Z; generated by ali targets in the continuously infinite group A of point target-clusters. This then
leads to the desired multitarget generalization of equation 37:

Olog Lz, 15, 1+ 1 5 log Lz,
5(5)( - 6)? ) Xklk-1 2 3(5}( - 6)2

k-

log Lz, (X) = lOgLZk(Xk]k—l) + )2[5Xk;k_1]
' 1

klk—1
where the sum on the right is a Taylor’s series expansion in terms of the general functional derivatives (equation 11)
introduced in section 2.1.3.

Note: For present purposes, I am not proposing the use of the multitarget likelihood functional L z,[h] inplace
of the multitarget likelihood function z(X). This would entail the replacement of multitarget density functions
Frk(X1Z®)) by multitarget density functionals Fej[] Z®)] and the use of functional nonlinear filtering equations
of the form

Fer1xhZ®)] = /fk+1|k[h|9] FeielglZ®Dg (39)
Lz [k h|Z(®)
Tl 254D] = ZH;IC[(]Z:EI];([MI) L h(Zaalz®) = / Lzi s (1] fesalhl 20 DR

where f “Dh is a suitable multi-dimensional generalization of theWiener functional integral [40, pp. 159, 186-188],
[8], [31]. This is because we are searching for estimates that are true multitarget states A = § Riie — X k| Tather
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than abstract functions (PHDs) Bkl . If we modeled multitarget systems using PHD’s, on the other hand, then
equations 39 would be the appropriate theoretical approach.

I also show that the likelihood functional can be approximated as a functional Gaussian distribution

’ Lz(X) 22 Lz[ho] - exp( / (6X(Y)2(:)O(y» )

if there is a unique function h = ho that solves the implicit differential equation

b2,
h(Y)TgZD (h(y),y) + po(h(y),y) =0 (40)
and if, in addition, the function

1 _ o po(ho(y),y)
o2(y) ho(y)?

is integrable and positive-valued for all y.

pf (ho(y),y) >0 (41)

In more detail: Suppose that we are given a sensor with single-target measurement model z = g(x)+ W,
likelihood function f(z|x) = fw(z — g(x)), and state-dependent probability of detection pp(x). Suppose that
T is a Poisson point track-cluster with intensity function D(y) where a = J D(y)dy > 0 is the expected number
of targets. Also, assume that probability of detection is a function p pla,x) of target number a as well as target
state x, with pp(1,x) = pp(x). Then it is easily shown (see section 5.4) that the multitarget observation-set is
also Poisson and that its multitarget likelihood function is

f(Zla,x) = e *?PX [ (a- pp(a,x) - f(=Ix))

zEZ

Suppose, next, that we have a collection X = {(a1,%1), ..., (an,%n)} of several independent point target-clusters.
Then the multitarget likelihood function is again Poisson and is (see section 5.5):

f(z1x) = e [[ D(al¥),  D(zlX) =3 awp(asxi)flzlx),  ax =) awp(s:x)

z€Z i=1 i=1

By analogy, suppose that the number n of point clusters increases continuously without bound in such a manner
: that the empirical distribution 6x, + ... + anfx, converges to some positive-valued function h. Then h can
= be interpreted as a continuously infinite family of point track-clusters, such that the point track-cluster located at
i X contains an average number (density) h(x) of targets. The expected number of targets over the entire space
is, therefore, ap = [ h(x)dx if the integral exists. By analogy, say that the likelihood functional describing the
observations generated by all targets is
|

Lzlh] = £(Z}h) = e T] D,[A)

z€Z

where

D,[h] = /h(x) pp(h(x),x) f(z|x)dx, alh] = /h(x) pp(h(x),x)dx
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L
Notice that log Lz[h] is continuous resp. differentiable in h if pp(a,x) is continuous resp. differentiable in
a. In fact, application of the functional derivative (equation 10) and a little algebra shows (see section 5.6) that

Do) = (h<y) 2(0v),9) + o)) FGey)
20 = TGO +eohiy)
Poeley) - ( -1 +z€§;f oy ) (e Z2 09 +p0000))
In like manner, a little more algebra shows that the second derivative of the log-likelihood is
%{Z’ = (Z fzl) ﬁf‘yz ) (h(m)a—gf(h(yﬂ,m) +PD(h(Y1),Y1))
zEZ

: (h(y2)—£-2(h(yz), y2) + po(h(y2), n))

( 1+Y f(zl[bl’j)) (822 (Mm)%(ﬂm%m)) + 6:53;2

zZEZ

(hm),yl))

where we make use of the identity , :
6 of

(), V) = 5L V@)

Equations 40 and 41 directly follow from these results. For, if 40 holds for some h = ho then

) log Lz _
forall y vand s0
18%logL 18%logL
log Lz, [h] —log Lz, [ho] = 55@‘%5%[ ol +3 -a—(—h-—gh—z)’; [ho] +

If h is sufficiently near hg, the second-order term on the right-hand side of the equation dominates all higher-order
terms, and the function ho corresponds to an absolute maximum if and only if the right-hand side of the equation
is always negative. This can be true if and only if equation 41 is true identically.

5. APPENDIX A: MATHEMATICAL PROOFS
5.1. Proof:

We are to show that Br(S) = Gp[1s]. We know that the multi-object density fr(X) of the point process I'is the
same thing as the corresponding family of its Janossy densities: fr({x1,...,%x}) = jr(x1, ..., Xx). So,

Gr(1s]

fl

(>0}

1 -
ZE/IS(XI)'“ls(Xk) Jr(X1, ey Xg)dxq - - - dxg
k=0 ‘

= 2791_'/5:: fl‘({xla---axk})dxl"'dxk=[SfF(X)5X=ﬂP(S)
k=0""
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5.2. Proof:

We are to show that 56 s
T _oGr
5y (5)="5, [1s]

Let S be aclosed set, let Ey denote an arbitrarily small region surrounding the vector x, and let MEx) denote
its hypervolume (Lebesgue measure). Our proof will be informal and is based on the observation that, in the limit
as A(Ey) — 0, the characteristic function 1, strongly resembles a Dirac delta function that has been multiplied
by a very small postive number:

1g,(¥)

1g.(y) = M Ex) - —X(ET) — AM(Ex) - 6x(y)

Suppose that both the set derivative %{-311 and the functional derivative ‘STC;F exist. Then by the definition of a set

- derivative (equation 22, [22, p. 30], [9, pp. 145-146, 150]):

6B Br(S U Ey) — Br(S) . Grlisug,] — Gr[1s]
——(S) = m = 1 E4
Sy (%) A(Ey)\O0 A Ey) ,\(Egl\o A Ey)
_ Grlls+1g,]—Gr[ls] .. Grlls + A(Ey)éy] — Gr[ls]
= im = lim .
AByINO A(Ey) A(By)\NO - AM(Ey)
~ lim Gr[ls + 65y] — Gr[1s] = lim Gr(ls + €5y] — Gr[1s] _ 6Gr [1s]
e\o € e—0 € by

5.3. Proof:
We are to show that K (fyx; fklk) is minimized if Dk|k(x) = Dy (x|Z (k). First, notice that

K (fups Frgp) = /.fk|k(X|Z(k))logfk[k(XIZ(k))6X" /fk|k(X|Z(k))IOg (6"N’°"° 11 Dklk(x)) 6X

xeX

= const. 4 Nklk —/ (fklk(XIZ(k)) Z logﬁklk(x)> 60X

xeX

However, a bit of algebra shows that

/ <fk|k(X|Z(k)) Z log Dk|k(x)> 6X = Ny /Sklk(xlz(k))lc’g 8k (x)dx + Ny log Nyjx

xeX

where sk|k(x|Z(k)) = Dk]k(X|Z(k))/Nk|k and §k|k(X|Z(k)) = bklk(X|Z(k))/Nk[k SO,

K(frjx; 8kp) = const. — Nk[k/Sk[k(xlz(k))loggklk(x)dx+Nklk — Ny, log Ny

= const. + Ngje K (s, 8xjx) + Nk — Nijx log Ny

ThlSlf minimized when K (s, 85x) and Nka — Nyjx log Nk]k are separately minimized, i.e. when sy = 8kjx
L and Nk[k = Nk]k-
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5.4. Proof

We are given a sensor with single-target measurement model z = g(x) + V, state space S, likelihood function
f(z|x) = fv(z — g(x)), state-dependent probability of detection pp(x), and a Poisson track-cluster I' with
intensity function D(y) where a = [ D(y)dy > 0 is the expected number of targets. Suppose further that " is
a Poisson point track-cluster and that the probability of detection pp(a, x) is a function of average target number a
as well as of target state. We are to show that if the track-cluster is a point track-cluster, then the observation-process
generated by it is a Poisson process with intensity function D(z|a,x) = a - pp(a,x) - f(z|x).

Let v be a Poisson-distributed random non-negative integer with parameter a and let Xj,...,X;, ... be
independent, identically distributed (i.i.d.) random vectors with distribution s(x) = D(x)/a. From the footnote in
section 3.2, we know that ' = {Xj,...,X,} is a Poisson track-cluster with the specified characteristics. Let 0!
be a random set which takes only the two values §,S with Pr(0] = §) =1 — ¢ and Pr(f{ =S) = g. Then the
observation-set ¥ produced by the track-cluster is

5= U ({g(Xi) +Vin (be(“’x"))

=1

where Vy,...,V;, ... areiid. The corresponding belief-mass function is

L B(S) = PEC ) =3ont [P (80K + Vi 1700  5)

n=0 =1

= o nm [ Pr ({60 + Vi n 2% ¢ 5)
i=1

n=0

However, assuming independence of all random quantities we get
Pr ({g(Xi) +V;} N ppo@Xd) ¢ S) = / Pr ({g(y) +Vi}ngreey) ¢ s) s(x)dx
= (= po(e3) +p(a,y) Pr(a(y) + Vi € 8)) a(y)dy
= /(1 —pp(a,y) +pp(a,y) pz(Sly)) s(y)dy

where pz(Sly) = [, f(zly)dz. So,

Be(S) = 3 puln) ( [ @=po() +203) patsiy) s(y)dy>n

n=0

= exp ( [ @=p(s) +2o(3) pa(Sly) sty - )

This is the belief-mass function of a Poisson observation-cluster. Now assume that the track-cluster is a point cluster,
ie. s(y) = 8x(y). Then the belief-mass function becomes

P=(Sla,x) = exp (app(a,x) (pz(S]x) - 1))

This is the belief-mass function of a Poisson process with intensity function D(z|a,x) = a - pp(a,x) - f(z|x), as
claimed.
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5.5. Proof:
We are to show that

f(z\x)=e* || D), D(z|X)= Zazpp(az,x,)f(zlxz) ax = _ a;pp(ai, xi)
i=1

zZ€EZ

The belief-mass function of each point-Poisson process is
Bi(S) = exp (a;pp(ai, xi)pz (S|x:) — aipp(ai, x;))
Since the processes are independent, the belief-mass function of their union is also that of a Poisson process:

B(S) = B1(S) -+ Bn(S) = exp (ZazpD(azaxz pz(S|x:) Zazpp(az,xz ) = exp (D(z|X) — ax)

=1

- as claimed.

5.6. Proof

We are to show that

5;3’2 [ = (h( )81p 2 (h(y),¥) + po(h(y), y)) fzly)
2_3 h] = h,(y) 2 (h(y),¥) +pp(h(y);¥) |
61(:5gyLz h = ( 14 EEZ f(zly) ) ( pD 52 (h(¥), ) +PD(h(Y)1Y)>
The second equation follows easily from the first, and the third follows from the first and secdnd since
61°ng[h] [h]+z—logD

zZEZ

. So, we need only prove the first equation:

&[h,] — lim D,k +€6y] — Dy [h) =/<li 1 (h+edy )(x)pp(h(x) + €6y (x),x) f (z|x) )dx

8y e—0 € e—0¢€ —h(x)pp(h(x),x) f(z|x)

_ /(h 1 h(x)pp(h(x) + eby(x), x)f(z]x) + eby (x)pp (h(x) + by (x), x) f(z]x) )dx
e—0 € —h(x)pp(h(x),x)f (z]x)

_ /(Hm— h(x)pp(h(x) + €8y (x), %) f(z|x) — R(x)pp(h(x),x) f(z]x) >

-

e—=0¢g +56y(x)pD(h(X) + 55y(x)’ )f(le)
Therefore
6D,
Sy

il

[A]

13

[ o) (1 P2 00 SEUCE)
+ [ i (30 po () + ey (), ) £(zb)ae

[ )18, 0 B2 o) )+ [ 84(2) o), ) Sl
(9 220059 +pp<h<y>,y>> flzly)
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6. CONCLUSIONS

In this paper I introduced multitarget moment statistics of arbitrary order, and have tried to illustrate their potential
importance for multitarget tracking. I emphasized the importance of point process theory to multisensor-multitarget
detection, tracking, and identification. Despite its neglect in multitarget tracking circles, this theory is the statistical
foundation for all multi-object problems, and its importance to future theoretical and practical research should not
be underestimated. The point process literature contains a vast array of results, techniques, and computational
approaches that await “mining” for application to multitarget problems. Towards that end, I have provided a brief
but systematic introduction to point process theory, and in particular to the “engineering-friendly” version of it that
I call finite-set statistics (FISST).

I'showed how a viable Bayes nonlinear filter can be devised for the first-order multitarget moment (the *probabil-
ity hypothesis density” or "PHD”), thus yielding a computable, systematic multitarget tracking approach that avoids
report-to-track association. I described preliminary simulations that suggest its possible benefits and possible chal-
lenges in practice. Chief among the limitations, other than the necessity for high signal-to-noise ratio, is the need
for good multi-peak extraction algorithms. This is because multi-peak extraction largely replaces report-to-track
association in a PHD multitarget filter. I also pointed out an open research question: the problem of defining a
track-valued (rather than density- or measure-valued) first-order multitarget moment statistics.

Iinitiated a study of the second-order statistics of multitarget systems. While this study is preliminary, it suggests
possible directions for research. I described the second-order moment and covariance statistics of a multitarget
system, and indicated why it does not appear possible to develop a computationally tractable multitarget tracking
filter based on these statistics at this time. However, I also described a potential path to a multitarget generalization
of the Kalman filter. This approach depends upon (1) being able to extend any multitarget likelihood function to
a so-called “multitarget log-likelihood functional,” and (2) expanding this functional in a Taylor’s series, using a
generalization of the FISST set derivative called the functional derivative.
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